It is shown that the determinants of the correlation functions of the generalized bc-system introduced recently are given as pullbacks of the non-abelian theta divisor.
I Introduction
The usual bc-system appearing in bosonic string theory 1;2 is very well understood 1?4 and has also been considered in a rigorous algebro-geometric way by Raina 5;6 . Assuming some natural physical axioms, Raina showed the existence and uniqueness of the correlation functions and was able to rederive the explicit expressions using the geometry of the theta divisor. It is important to note that one considers in this approach not the quantum elds b; c themselves (which should be \operator valued sections" of certain line bundles), but their correlation functions inheriting the symmetries of the operators. A closely related cousin of the bc-sytem based on a Hermitian vector bundle of rank r was introduced in Ref. 7 and the existence and uniqueness of correlation functions was established for a particular class of bundles. The hope was that the correlation functions of this bc r -system are determined completely by the geometry of the non-abelian theta divisor, in complete analogy to the usual rank one case. Since at the time of writing the necessary formulae were lacking, this remained a hope, but in the meantime Ref. 8 appeared, providing some useful results. Unfortunately, only the determinants of the correlation functions can be described with the help of the results of Ref. 8 , so there is still much to be done to realize this hope and it is unclear whether one will be able to do so along the lines pursued here.
In the second section we brie y recall the geometry of the system of rank one before we consider the higher rank case in the third section. Some of the di culties concerning the current and the energy-momentum tensor are indicated. For the convenience of the reader we have stated the required result of Ref. 8 in an appendix. In the following g will be a Riemann surface of genus g 2 with canonical bundle K K g . The group of (isomorphism classes of) line bundles of degree d will be denoted by P ic d ( g ) and there is the canonical theta divisor := fL 2 P ic g?1 ( g ) j h 0 ( g ; L) 6 = 0g P ic g?1 ( g ). We will denote by ?1 the inverse of the line bundle and by E _ the dual of the vector bundle E.
II The bc-system revisited Let 2 P ic g?1 ( g )n , i.e., is a line bundle of degree g ?1 and satis es h 0 ( g ; ) = 0.
In the associated bc-system { given by an action S R b @c { the eld c (resp. b) is a section of (resp. K ?1 ); note that there will be neither zero modes of b nor c due to our assumption on . The propagator hb(z)c(w)i is then a meromorphic section of the line bundle (K ?1 ) := 1 (K ?1 ) 2 ( ) over g g having a simple pole on the diagonal g g ; here i : g g ! g for i = 1; 2; is the canonical projection onto the i-th factor. Using the map : g g ! P ic g?1 ( g ), given by ((z; w)) := O(z ? w) , we pull back the theta divisor from P ic g?1 ( g ) to obtain 5 :
Thus, the propagator is a meromorphic section of (O( )) O(? 
In the case that is an even theta characteristic, i.e., 2 = K, the Szeg o-kernel S { consequently the propagator also { is antisymmetric in its arguments.
In an analogous fashion one has maps n : ( g g ) n ! P ic g?1 ( g ), given by n ((z 1 ; w 1 ); : : :; (z n ; w n )) :
note that 1 = from above. The pullback of under n is given by 5;6 ( n ) (O( )) ' (K ?1 )
where D n is the divisor of poles and zeros
and ij is the divisor where the i-th and j-th coordinates coincide. Hence, the 2n-point function hb(z 1 ) c(w n )i is given as the normalized section of ( n ) (O( )) O(?D n ).
Since the rst factor leads to a theta function and the second to a product of Prime forms, we obtain an explicit expression for the 2n-point functions. Comparing the expression for the 4-point function with the determinant of propagators (the bc-system is free, so the two expressions should coincide according to Wick's rule), we obtain the trisecant identity of Fay 5;9 . Now, let's turn to the higher rank case.
III The bc r -system and the action is given by S R b @ E c, where a Hermitian metric on E is used to yield a good integrand. Consequently, the propagator hb(z)c(w)i is a meromorphic section of (K E _ ) E over g g having a simple pole on the diagonal . It is given 7 by the non-abelian Szeg o-kernel S E (z; w) as de ned by Fay 10 , but explicit expressions are very di cult to obtain. In the following we will denote the highest nonvanishing exterior power of a vector bundle F by det(F). The determinant of the propagator is a section of det((K E _ ) E) = det(K E _ ) det(E). Since K is a line bundle and E _ has rank r, we have det(K E _ ) = K r det(E _ ); (6) so that the determinant of the propagator is a meromorphic section of
Now we need the geometric ingredients which are analogous to those used in the rank one case above. For E 2 U g (r; r(g ? 1)) there is a map
de ned by E ((z; w)) := O(z ? w) E. Since tensoring with a line bundle preserves stability and since deg(L E) = r deg(L)+deg(E) for any line bundle L, the map E is indeed well-de ned. According to Ref. 8, the pullback of the non-abelian theta divisor is given in complete analogy to (1) by
see equation (12) in the appendix. Since we observed above (7) that the determinant of the propagator is a section of the line bundle (
O(? ) r , we can summarize these observations as follows. Proposition 1 Let E 2 U g (r; r(g ? 1)) n r and E as in (8) . Then the determinant of the propagator hb(z)c(w)i of the associated bc r -system is a meromorphic section of the line bundle E (O( r )) O(? ) r . In particular, one has for z w the expected singularity dethb(z)c(w)i (z ? w) ?r .
Note that the above method gives only the determinant of the propagator. The propagator is given by hb(z)c(w)i = S E (z; w), so that we identify the determinant of the non-abelian Szeg o-kernel as a pullback of the non-abelian theta divisor:
In the rank one case we could use the fact that a section of (O( )) is given by a theta function to obtain explicit expressions. In the usual bc-system the U(1)-current j is de ned 3 
where we have used (2) 10, one recovers the usual result 13 . In the bc r -system associated to E the eld b (resp. c) is a section of K E _ (resp. E), so we expect that the regularized product b(z)c(w) yields on the diagonal a section of K End(E). De ning the current J E as above, in complete analogy to the rank one case above. According to page 29 in Ref. 10, a 0 (z; E) is indeed a section of K End(E), as expected. In contrast to the rank one case, explicit expressions for the coe cients a i (z; E) are lacking. According to Raina 14;15 the geometric interpretation of this subtraction process requires that one considers the occuring bundles not on the diagonal ' g g g , but on the rst in nitesimal neighbourhood of . Following this approach he was able to give a complete treatment of the current j of the usual bc-system and rederive the explicit expressions known in the physical literature. It would be very beautiful if one had an analogous treatment of the current J E of the bc r -system.
Let us now consider the 2n-point function hb(z 1 )c(w 1 ) b(z n )c(w n )i, which is a meromorphic section of the vector bundle (K E _ ) E (K E _ ) E having simple poles (resp. zeros) whenever two arguments of di erent (resp. same) type coincide. In close analogy to the rank one case (3) we de ne a map n E : ( g g ) n ?! U g (r; r(g ? 1)); ((z 1 ; w 1 ); : : :; (z n ; w n )) 7 ?! O(
note that again 1 E = E . According to Ref. 8 , the pullback of the non-abelian theta divisor is then given in analogy to (4) by
where D n is the divisor de ned in (5); see equation (11) in the appendix. Thus, using (6), we see that the (appropriately interpreted) determinant of the 2n-point function is a section of ( n E ) (O( r )) O(?D n ) r . We collect these observations in the following proposition.
Proposition 2 Let E 2 U g (r; r(g ? 1)) n r and n E : ( g g ) n ! U g (r; r(g ? 1)) be the map de ned above. Then the determinant of the 2n-point function hb(z 1 ) c(w n )i of the associated bc r -system is a meromorphic section of the line bundle ( n E ) (O( r )) O(?D n ) r .
Note that Proposition 2 reduces to Proposition 1 for n = 1, since D 1 = 12 . As mentioned at the end of the last section, Raina was able to deduce the Fay identity from a comparison of two di erent representations of the 4-point functions 5;6 . Since the bc r -system is a free system, it was conjectured in Ref. give an algebro-geometric description of the energy-momentum tensor, this time using the second in nitesimal neighbourhood of the diagonal 15;19 . In the bc r -system the associated energy-momentum tensor T E should be given as the limit of the regularized 2-point function of the current J E , i.e., T E (z) : J E (z) J E (z) :. Local computations for the operator product expansion of J E (z) J E (w) suggest, that { due to the non-abelian structure coming from the higher rank { additional terms with a simple pole will appear and have to be subtracted, too. The main problem is that one does not have an explicit expression for the 4-point function. In particular, there seems to be no straightforward generalization of Wick's rule, meaning here that one could calculate the 4-point function as some kind of determinant of propagators. One expects that a relation similar to (10) { involving this time a 0 (z; E); a 1 (z; E) and @ z a 0 (z; E) { holds also in the higher rank case, where the additional tensor product structure will be involved. The naive expectation is that hT E (z)i is a section of K 2 End(E) 2 , but this is already false in the rank one case. Due to the regularization procedure the conformal symmetry is lost 20 , so that 12 hT (z)i is a projective connection 21 , transforming as some kind of \perturbed" quadratic differential. One may wonder whether there is an analogous geometric structure lurking behind hT E (z)i.
IV Discussion
We have seen that the determinants of the correlation functions of the bc r -system can be written as pullbacks of the non-abelian theta divisor. It is not clear whether one can describe the correlation functions themselves within the approach pursued here. The current J E was de ned by J E (z) , give rise to a current algebra, thus to representations of the a ne Lie algebraĝ, see page 646 in Ref. 22 . These a ne Lie algebras correspond to WZW-models, so that one expects that a geometric de nition of the currents J a (together with the U(1)-current J E ) should give a geometric interpretation of the non-abelian bosonization 23 .
We hope that a further examination of the bc r -system will uncover more interesting connections to the geometry of the non-abelian theta divisor as well as to the corresponding WZW-model. As should be clear from the above remarks and the discussion in Ref. 
V Appendix
Here we state a recent result of G omez Gonz ales and Plaza Mart n concerning the pullback of the non-abelian theta divisor r under the \addition morphism"; this is Theorem 3.1 in Ref. 8 . From our point of view they are working not with a single system, but with a family parametrised by some scheme S. Their setup is as follows (we have slightly changed their notation to be consistent with the one used above). Let S be a scheme and g an irreducible proper smooth algebraic curve of genus g 2 over C (i.e., a Riemann surface). We denote by U ss g (r; d) the moduli space of (equivalence classes of) semistable vector bundles of rank r and degree d on g ; Seshadri proved that U ss g (r; d) is the natural compacti cation of U g (r; d) from above 24 . The closure of r from above in U ss g (r; r(g ? 1)) is again a divisor, which we also denote by r . Let E be a semistable bundle of rank r and degree r(g ? 1) on g S; we interpret this as a family fE s g s2S (with E s E j g fsg ) of semistable bundles E s 2 U ss g (r; r(g ? 1)) on g fsg ' g . Let us furthermore introduce a map E : S ! U ss g (r; r(g ? 1)) by associating to s 2 S the restriction of E to g fsg ' g , i.e., E (s) = E s . For each n 2 N we now introduce the relative version of the generalization of (3), namely For 1 i 2n there are natural projections p i (resp. i ) from ( g g ) n S onto g (resp. g S), where in both cases the image g is the i-th component of ( g g ) n . Let us denote the highest exterior product of a bundle F by det(F).
Theorem (G omez Gonz ales, Plaza Mart n). Let E be a semistable vector bundle on g S of rank r and degree r(g ? 1) . Then We wil use this result in the very special case of a trivial family, i.e., we choose S to be a point fs 0 g. We identify i and p i and neglect the trivial map E . Furthermore, the \family" E = fE s g s2fs 0 g parametrised by one point is just one bundle E s 0 = E j g fs 0 g , which we denote by E. Then the formula of the theorem reduces to ' O(D n ) r (K r det(E _ )) det(E) (K r det(E _ )) det(E);
where we have written n E := n E;fs 0 g . In particular, choosing n = 1 one obtains with D 1 = 12 and the abbreviation E := 1 E the result E (O( r )) ' O( ) r (K r det(E _ )) det(E): (12) 
